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EFFECT OF A MAGNETIC FIELD ON THE FLOW IN THE VICINITY OF THE 

STAGNATION POINT OF A BLUNT BODY WITH ABLATION OF A PROTECTIVE 
LAYER 
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During hypersonic flow around a blunt-nosed body, the gas which 
passes through the bow shock is heated to high temperatures, where 
dissociation, ionization, and inverse phenomena (recombination) 
take place in the gas. If an ionized gas moves in a magnetic field, 
the ponderomotive force which is set up changes the nature of its 
motion close to the stagnation point, decreasing the frictional stress 
and heat transfer at the "wall" (at the contact surface of the gas and 
the body about which the gas flows). In this case, the intense heat 
fluxes from the strongly heated gas to the body about which the gas 
flows cause phase changes in the surface of the body (melting, sub- 
limation, etc.).  These processes, in turn, affect the flow in the vi- 
cinity of the stagnation point due to realization of the heat of phase 
transition, the conduction of heat from the entrained mass, and the 
diffusion of evaporating material into the boundary layer. References 
[1, 2] are devoted to a study of the joint influence of the magneto- 
gasdynamic and abiation effects. The magnetogasdynamie layers and 
the wall profile of the external velocity ("flow around wedges') are 
discussed in [1], and special cases of such boundary layers- flow close 
to the stagnation line (the two-dimensional case) and close to the 
stagnation point (the axisymmetric case) of a blunt body are consid- 
ered in [2]. Melting and evaporation are taken into account by setting 
the longitudinal and the transverse velocity components at the wall 
not equal to zero-the first taking into account the flow of the molten 
material and the second pyrolysis of the vapor of the surface material 
into the gaseous boundary layer. However, the values of these compo- 
nents, also the enthalpy on the wail h w (in [1, 2], h w ~ 0), are not 
known beforehand and must be determined from the boundary condi- 
tions at the wall which express the mass and heat balances. The gen- 
eral formulation of the problem given in the gasdynamics case by 
G. A. Triskii in [3, 4], and elsewhere includes a consideration of 
the boundary-layer equations in the gas, the boundary-layer equations 
in the melted zone, and the heat conductivity equations in the solid 
with boundary conditions at the outer edge of the boundary layer, on 
the gas-molten zone interface, on the molten zone-solid interface, 
and inside the solid. This approach to the problem can also be utilized 
in the magnetogasdynamic case, as it is in this article with certain 
simplifying assumptions as compared with iS, 4]. In this sense, the 
present article is an extension of the results of [3, 4] to the field of 
magnetogasdynamics. 
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1. We s h a l l  c o n s i d e r  t h e  p l a n e  and  a x i s y m m e t r i c  

f l o w  of  a v i s c o u s ,  h e a t - c o n d u c t i n g ,  and  e l e c t r i c a l l y  

c o n d u c t i n g  g a s  a b o u t  a s e m i - i n f i n i t e  b l u n t  b o d y  (o r  

m o r e  p r e c i s e l y ,  a m i x t u r e  o f  i n t e r a c t i n g  g a s e s ;  in  

t h e  c a s e  of  s u b l i m a t i o n ,  v a p o r s  of  t h e  s u b s t a n c e  c o m -  

p o s i n g  t h e  s u r f a c e  of  t h e  b o d y  a r e  a d d e d  to t h e  g a s e s ) .  
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A h o m o g e n e o u s  m a g n e t i c  f i e l d  p e r p e n d i c u l a r  to  t h e  

s u r f a c e  of  t h e  b o d y  i s  a p p l i e d ;  t h e r e  i s  no  e x t e r n a l  
e l e c t r i c  f i e l d ;  t h e n  i t  c a n  b e  s h o w n  [5] t h a t  no  i n d u c e d  

e l e c t r i c  f i e l d  i s  s e t  up  and  t h e  g a s  h a s  no  e x c e s s  

c h a r g e .  T h e  g a s  b e h i n d  t h e  s h o c k  w a v e  i s  c o n s i d e r e d  
to  b e  q u i t e  d e n s e  and  t h e  a p p l i e d  m a g n e t i c  f i e l d  to  b e  

w e a k ,  so  t h a t  t h e  Ha l l  e f f e c t  c a n  b e  n e g l e c t e d ,  and  t h e  

e l e c t r i c a l  c o n d u c t i v i t y  c a n  b e  c o n s i d e r e d  a s c a l a r  ( in 

a d d i t i o n ,  we  s h a l l  c o n s i d e r  t h e  e l e c t r i c a l  c o n d u c t i v i t y  

o f  t h e  g a s  and  m o l t e n  m a s s  to  b e  c o n s t a n t s ) .  M a k i n g  

u s e  o f  t h e  f a c t  t h a t  t h e  v i s c o u s  b o u n d a r y  l a y e r  i s  t h i n  
and  t h e  e l e c t r i c a l  c o n d u c t i v i t y  due  to t h e r m a l  i o n i z a -  

t i o n  i n s i g n i f i c a n t  ( the  m a g n e t i c  R e y n o l d s  n u m b e r  R m  

i s  s m a l l ) ,  we  c a n  n e g l e c t  t h e  e f f e c t  o f  t h e  i n d u c e d  

m a g n e t i c  f i e l d  a s  c o m p a r e d  w i t h  t h e  a p p l i e d  f i e l d .  

T h e n ,  t h e  m a g n e t i c  i n d u c t i o n  B t u r n s  ou t  to  b e  c o n -  

s t a n t  a n d  e q u a l  to  t h e  i n d u c t i o n  o f  t h e  a p p l i e d  f i e l d  

B0, a n d  t h e  p o n d e r o m o t i v e  f o r c e  r e t a i n s  o n l y  t h e  l o n g -  
i t u d i n a l  c o m p o n e n t  

H e r e  x i s  t h e  c o o r d i n a t e  a x i s  p a r a l l e l  to  t h e  s u r -  

f a c e  o f  t h e  b o d y ;  u i s  t h e  p r o j e c t i o n  o f  t h e  v e l o c i t y  

o n  t h i s  a x i s ;  ~ i s  t h e  e l e c t r i c a l  c o n d u c t i v i t y ,  t h e  s u b -  

s c r i p t  1 i s  a s s o c i a t e d  w i t h  g a s ,  and  2 w i t h  t h e  m o l t e n  

z o n e ;  h e r e  a n d  h e n c e f o r t h ,  t h e  q u a n t i t i e s  a s s o c i a t e d  

w i t h  t h e  g a s  w i l l  b e  u n d e r s t o o d  to  b e  t h e  t o t a l  f o r  t h e  
m i x t u r e  o f  g a s e s .  

We  s h a l l  m a k e  t h e  s a m e  a s s u m p t i o n s  in  r e g a r d  to  

t h e  g a s d y n a m i c  q u a n t i t i e s  a s  t h o s e  i n  [3] .  We  s h a l l  a s -  
s u m e  t h a t  t h e  s h a p e  o f  t h e  b o d y  c h a n g e s  l i t t l e  i n  t h e  

p r o c e s s  o f  p h a s e  t r a n s f o r m a t i o n ;  t h e n  t h e  d i s t r i b u t i o n  

o f  p r e s s u r e s  a b o v e  t h e  s u r f a c e  of  t h e  b o d y  w i l l  b e  t h e  

s a m e  a s  b e f o r e  m e l t i n g  o r  s u b l i m a t i o n .  In  [3],  t h e  

a u t h o r s  h a v e  n e g l e c t e d  t h e  t e r m s  i n  t h e  e n e r g y  e q u a -  

t i o n  o f  t h e  o r d e r  o f  M 2 ( w h e r e  M~o i s  t h e  M a c h  n u m -  

b e r  b e h i n d  t h e  s h o c k  w a v e ,  M 2 << 1 in  s t r o n g  s h o c k s ) .  
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These  t e r m s  a r e  the  work  of the p r e s s u r e  f o r c e s  and 
and the v i scous  hea t  l o s s e s .  We note that  the t e r m  in 
the ene rgy  equat ion which t a k e s  account  of joule l o s s e s  
i s  of the o r d e r  

NmeMco ~, Nm2= 6i B~ 
Piuco 

Here  N m is  the magne t i c  p a r a m e t e r ;  l, u~,  and Pi 
a r e  the  s c a l e s  of length,  ve loc i ty ,  and dens i ty ,  r e -  
s p e c t i v e l y .  With magne t i c  p a r a m e t e r s  N m ~ 1, the 
joule  l o s s e s  a r e  of the  s a m e  o r d e r  as  the  work  of the  
f o r c e s  of p r e s s u r e  and the v i scous  hea t  l o s s e s ,  and 
a r e  r e j e c t e d  along with them.  F ina l ly ,  as  in [4], we 
neg lec t  t h e r m a l  di f fus ion and c o n s i d e r  a l l  d i f fus ion 
coef f i c ien t s  equal .  

With t h e s e  a s s u m p t i o n s ,  the  equat ions  of the  bound-  
a r y  l a y e r  in the  gas  and in the mol t en  zone d i f fe r  f rom 
the c o r r e s p o n d i n g  equat ions  of  the  ga sdynamic  a p p r o x -  
i m a t i on  [3, 4] only  by a t e r m  which t a k e s  account  of 
the  ponde romot ive  f o r c e  in the equat ion of mot ion.  As 
in the c a s e  without  a magne t i c  f ie ld ,  a s t a t i o n a r y  s e l f -  
s i m i l a r  mode i s  p o s s i b l e  with an a r b i t r a r y  t e m p e r a t u r e  
dependence  of the  p r o p e r t i e s  of the  sol id ,  l iquid,  and 
gas ,  i f  t h e s e  r e l a t i o n s h i p s  a r e  e x p r e s s e d  by known d i f -  
f e r e n t i a l  funct ions .  F o r  f u r t h e r  s imp l i f i c a t i on  of the  
p r o b l e m  we shal l  c o n s i d e r  the  t h e r m o p h y s i c a l  p r o p e r -  
t i e s  of  the  so l id  and the l iquid to be cons tan t ,  and a s -  
sume in the c a s e  of the gas  

h P~ P ~  = const, 

p I~cp pcvD 
= --E- = const, L = ~ = t .  

He re  h i s  the  entha lpy ,  p the  dens i ty ,  ~ the  dynamic  
v i s c o s i t y ,  Cp the  spec i f i c  hea t  a t  cons tan t  p r e s s u r e ,  X 
the hea t  conduct iv i ty ,  P the  P r a n d t l  number ,  D the d i f -  
fus ion coef f ic ien t ,  L the  Lewis  number ,  and the sub-  
s c r i p t  ~ i s  a s s o c i a t e d  with  the  po ten t i a l  flow behind 
the shock.  F ina l ly ,  we sha l l  c o n s i d e r  only  the  l i m i t i n g  
t h e r m o c h e m i c a l  s t a t e - - t h e  " f rozen"  b o u n d a r y  l a y e r  
(the r a t e  of  r e c o m b i n a t i o n  w ~ 0). Under  t h e s e  cond i -  
t ions ,  the  d i f fus ion equat ion  c o i n c i d e s  wi th  the e n e r g y  
equat ion [6] and can  be i n t e g r a t e d  s e p a r a t e l y  a f t e r  the 
v e l o c i t y  d i s t r i b u t i o n  in the bounda ry  l a y e r  i s  d e t e r -  
mined .  Having t h i s  in mind,  we sha l l  not w r i t e  the  
d i f fus ion equat ion o r  the  bounda ry  condi t ions  for  con-  
c e n t r a t i o n s  of the  componen t s  of the  m i x t u r e .  

Now, the  s t a t i o n a r y  s e l f - s i m i l a r  mode  of  flow in 
the  v i c in i t y  of  the  s t agna t ion  point  i s  w r i t t e n  by m e a n s  
of  the  fol lowing d i m e n s i o n l e s s  equa t ions :  

~ " '  + n~et" = ~'~ - - S  + N # ~ ' S ,  

S "  + nPtps' = O, (1.1)  

qPi'" + nq)zq~l" = qDi '2 + Nmflq)l', 

01" + nPo~lO ( = O. (1.2) 

The  d i m e n s i o n l e s s  quan t i t i e s  inc luded  in (1.1) and 
(1.2) a r e  connec ted  with the  c o r r e s p o n d i n g  d i m e n s i o n -  
al  quan t i t i e s  by  the fo l lowing equa t ions :  

for the gas, 

u = ~zr  (q) ,  

p ~ 2  2 a*  $ 
h=]~cS(~l),  p = p ~ - - T x ,  a = ' - - ~ v  ~ 

~ =  ~ Oz ]~=o ' f - - ~ d q = \ % o /  (y + a*t), 
Nm=O o 

~oo ~B~ (n = t, 2) ; 

fo r  the  mol ten  f i lm,  

ul = ~1x~1' ('ql), vl = - -  ] , f ~ l  [nq~l (~h) + all, 

__ I&l T1 = T ,Ot OP)' v, -- - ~  , 

~I~ 12 ~2 " C~* 
P = P o o - - - - 5 - - ~ ,  a l - -  V ' ~ '  

\ '~i / " - P ~ "  

Here  n = 1 c o r r e s p o n d s  to p lane  and n = 2 to ax i -  
s y m m e t r i c  f lows,  the quant i t i es  without  any s u b s c r i p t  
to the gas ,  with the  s u b s c r i p t  1 to the l iquid (molten 
m a s s ) ;  x i s  the  d i s t a n c e  f r o m  the s tagna t ion  point  
(line) a long the su r f ace  of  the  body;  y i s  the  d i s t ance  
f r o m  the  s u r f a c e  of  the  body a long the n o r m a l  to i t ;  
u and v a r e  the  p r o j e c t i o n s  of the  v e l o c i t y  v e c t o r  on 
the  x and y - a x e s ,  r e s p e c t i v e l y ;  t i s  t i m e ;  T abso lu te  
t e m p e r a t u r e ,  p p r e s s u r e ,  a* the  r a t e  of  d i s p l a c e m e n t  
of  the  me l t i ng  f ron t  n o r m a l  to the  su r f a c e  of  the  body,  
T* i s  the  me l t i ng  point ,  v the  k i n e m a t i c  v i s c o s i t y ,  P00 
the p r e s s u r e  at  the  s t agna t ion  point ;  W, ~/i a r e  d i m e n -  
s i o n l e s s  c o o r d i n a t e s ;  and ~,  ~ l  a r e  the d i m e n s i o n l e s s  
v e l o c i t i e s  of  the  i n t e r f a c e s .  

Within the  f r a m e w o r k  of t h e s e  a s s u m p t i o n s ,  the  
bounda ry  condi t ions  for  s y s t e m  (1.2) wi l l  be the  s a m e  
as  in the  g a s d y n a m i c s  fo rmu la t i on .  The only e x c e p -  
t ion i s  the  condi t ion  fo r  the  longi tud ina l  component  of 
the  v e l o c i t y  on the o u t e r  bounda ry  of the  bounda ry  l a y -  
e r .  In a c c o r d a n c e  with  [1], we obta in  f r o m  the  equa-  
t ion of mot ion  when y -* ~ (in the  d i m e n s i o n l e s s  f o r m  
f r o m  the f i r s t  equat ion of  (1.1) when 7/-* o0), 

l imu = uoo = u , [ - -  1/2N,~2 + (1/4 Nm a + 1) %] , 

Jim qg' = - -  ll~Xm2 + (II4N,,~' + i) '/'. (1.3) 
.n-..oo 

H e r e  u ,  = fix i s  the  v e l o c i t y  at  the  ou te r  edge of  the 
bounda ry  l a y e r  in the  a b s e n c e  of  a m a g n e t i c  f i e ld .  We 
note  tha t  the  a u t h o r s  of  [2] c o n s i d e r  that  a l lowing for  
changes  in the  v e l o c i t y  u~ i s  super f luous  when t h e r e  
i s  a f ie ld  and se t  ~ ' ( ~ )  = 1. 

The r e m a i n i n g  b o u n d a r y  condi t ions  do not change  
f o r m .  We sha l l  w r i t e  t h e m  fo r  the  c a s e  of m e l t i n g  
(only one e x a m p l e  c i t ed  in the  a r t i c l e  is  a s s o c i a t e d  
with  e va po ra t i on ;  the  c a s e  i s  not  d i s c u s s e d  in de t a i l ) .  
In the  e q u a l i t i e s  w r i t t e n  below,  ~ = 0 c o r r e s p o n d s  to 
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the surface of the body ~ = -~7, is the melting front: 

S - ~ t  

(o) = q)l (o) = o, 

Be"  (0) = ,r (0) 

/ Poo \V, , 
~' (0) = t-~-~ ) ~1 (0), 

S (0) = mO~ (0), 

(1.4) 

qS'  (0) = m01' (0), (I. 5) 

r n.) = 0, 01 (--*l,) = 1, (1.6) 

r~nqh ( - -  TI,) = - -  az, 

01' ( - -  n , )  = W [A + P ,  ( I  - -  k ) ] .  (1.7) 

Here, the magnetic parameters  determined above 
are added to the notation of [3], 

Fzc.z _ ~zc~ _ Pz p = ~0% P~ = -~ '7 '  P~ ----~--- r~ -- -~ , 

cpwT* ~ %0 \- ' / '  / P~ ~-'h ~co 
m = q = , = - r : , '  

k = - T ? , ,  a = T ~ 7 , ,  ~ , = b ~  1 / '  

In the last equalities, in addition to the quantities de- 
fined previously, we have: T20 the temperature  in the 
bulk of the solid (with y, ~7 ~ -oo), b the thickness of 
the molten layer,  and 5 the specific heat of melting. 
In the formulation of the boundary- layer  problem (1.1)- 
(1.7), the heat conductivity equation for the solid was 
integrated beforehand, and the result,  

T2 O~ = y : ,  = (i - -  k) exp (a,P~ (% § n)) § k ,  

where T~ is the temperature  in the solid, substituted 
into the last of boundary conditions (1.16). 

/ 

~ "  / "  r],(O.O) 

's7r 

~.~ 
' 0// R ~ �9 1.2 

Fig. 3 

Thus, we have established the boundary-value prob-  
lem for  a system of nonlinear t en th-order  ordinary 
differential equations (1.1), (1.2) with ten boundary 
conditions (1 .3)-(1 .6) .  Two relations (1.7), the equa- 
tions of conservat ion of mass and heat on the melting 
surface, yield two transcendental  equations in the un- 
known pa ramete r s  ~i, the dimensionless velocity of 

the melting front, and ~7,, the dimensionless thickness 
of the molten layer.  

2. In the f irst  instance, we shall consider the mode 
in which the electrical conductivity of the oncoming 
gas is negligibly small and the magnetic field affects 
only the flow of electrically conducting molten mass.  
In this case, Nm = 0, and we can make use of the so- 
lution for a gas in the gasdynamics case.  From this 
solution, we obtain the values of the dimensionless 
frictional s t resses  q~(0) and heat t ransfer  q~(0) at the 
gas-molten zone interface in two arguments--the di- 
mensionless temperature 01(0 ) and the dimensionless 
longitudinal velocity ~(0) .  

~.~ ~. ~__0 ~"-- 

o 2 ~ 

Fig. 4 

We shall seek the solution of the first of Eqs. (1.2) 
with its associated boundary conditions from (1.5), 
(1.6) in the form of a segment of the MacLaurin ser- 
ies for the unknown function r Making use of the fact 
that the molten layer is thin, we restrict ourselves to 
the terms 0(73) , 

(2.1) k. 
k~0 

The solution of the second equation of (1.2) with 
known ~ is reduced to a quadrature.  We write ~ (0 )  = 
= s ga~(0) = al, Nm:  = ~1, and determine the coeffi- 
cients in (2.1) from the differential equation (1.2) 
when n = 1 (the two-dimensional case), 

91' 01) = el § al~ + 1/2 (el u q- ~le~ --  t) ~12 § 

+ ~/, (el § ~1) a~l 3 § 0 (~1'). (2 .2 )  

Satisfying the f i rs t  of conditions (1.6), we obtain 
the relationship between the dimensionless thickness 
of the layer  ~?. and parameters  s 1 and al, which we 
shall solve, for convenience, for  st, 

e~ = a l ~ ,  + ~1~,~ - 1 1 8 a ~ , 8  + O (~ , ' ) .  ( 2 .3 )  

Making use of (2.2) and (2.3), we can determine 

o 

and f rom the f i rs t  relation of (1.7), the dimensionless 
velocity of the melting front, 

a~ = r~ ( ~ l : a ~ ,  ~ + ' l~n ,  3 - -  ~l~al~TI, 4) + O (n,'). (2 .4 )  

In addition to the velocity of the melting front and 
the thickness of the molten layer,  we are  also in teres t -  
ed in the protective effect of the molten film, which is 
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e x p r e s s e d  in the  r e m o v a l  of  the hea t  of th is  f i lm.  Tak -  
ing (2.2) and (2.3) into cons ide ra t i on ,  we obta in  f r o m  
the second equation of (1.2) 

0 

= t - -  Pl  Q/aai;q, a -5 s/=a I/, a) -5 0 ('q,~). (2.5) 

Subst i tu t ing (2.4) and ( 2 . 5 ) i n t o  the  second r e l a -  
t ion  of (1.7),  we obta in  an a l g e b r a i c  equat ion in 77, 

/~Oi'(O) = i/~alrl*='~i/e"q*a--i/'ai~lll*'*, (2.6) 
r.z [h q- P;~( t - -k) l  t - - P l  (i/aai~l,a + ~/s4~l. ~) 

The quant i ty  8~(0), the  hea t  f lux f rom the gas  to the  
mol t en  f i lm,  can be c o n s i d e r e d  as  independent  of the  
magne t i c  p a r a m e t e r  ~ ,  a s  the  gas  i s  not  e l e c t r i c a l l y  
conduct ive;  then the lef t  s ide  of  (2.6) does  not depend 
on ~l and m a y  be  of the s a m e  f o r m  when ~l = 0. We 
shal l  ca l l  the  roo t  of  the  equat ion changed in th is  m a n -  
n e r  ~10, then Eq. (2.6) can  be r e w r i t t e n  in the fo rm 

'/~allllo~-~i/r s 
I - - / ~ i  (1/aal~ll0 a ~- a/~4~]10 r t -- Pi (ai~, ~ + ~/uq,9 

We can  now d r a w  some  conc lus ions  conce rn ing  the 
ef fec t  of  the  magne t i c  f ie ld  on the va lue s  of the  a b l a -  
t ion p a r a m e t e r s - - t h e  t h i c k n e s s  of  the  l a y e r ,  the v e -  
loc i ty  of  the me l t i ng  f ront ,  and the  p r o t e c t i v e  ef fec t .  
It i s  convenien t  to e x p r e s s  t h e s e  quan t i t i e s  in t e r m s  
of the  d i m e n s i o n l e s s  t h i cknes s  of  the l a y e r  in the  a b -  
sence  of  a magne t i c  f ie ld  Wl0. We shal l  beg in  by  so lv -  
ing Eq. (2.7) .  We so lve  i t  by  the method of t angen ts ,  
beginning  with the z e r o - t h  a p p r o x i m a t i o n  V~ ~ = ~i0 
and l i m i t i n g  o u r s e l v e s  to the  f i r s t  a p p r o x i m a t i o n .  We 
obta in  a s  a r e s u l t  

~lql0 a ~i~]10 ~ ~ -5 0 ( ~ ) ,  

Subst i tu t ing  the  l a s t  r e s u l t  in (2.4) and (2.5) and r e -  
l a t ing  the  va lues  of  the  p a r a m e t e r s  in the  p r e s e n c e  of  
a magne t i c  f ie ld  to t h e i r  v a l u e s  in the  g a s d y n a m i c s  
c a s e  (we sha l l  g ive  t h e s e  v a l u e s  the  s u b s c r i p t  0), we 
d e r i v e  the  fo l lowing a p p r o x i m a t e  f o r m u l a s :  

ai / %0 = I -51/a~ (al=~l -5 3~i  - -  8 a ~ i  s) Blo 4 -5 0 (Bio ~) 

/ t~ o = t + */6 a ~ h o  5 + 0 ('qlo~). (2.8) 

I t  can  be  seen  f r o m  (2.8) tha t  only  the  t h i c k n e s s  of  
the  m o l t e n  l a y e r  unde rgoes  m o r e  o r  l e s s  def in i te  
changes  under  the  ac t ion  of  a m a g n e t i c  f ie ld ,  whi le  
the  v e l o c i t y  of  the  m e l t i n g  f ron t  and the  p r o t e c t i v e  e f -  
fect  v a r y  p r a c t i c a l l y  not  at a l l .  The s a m e  r e s u l t  was  
ob ta ined  in Boyn ton ' s  e x p e r i m e n t s  [7]. 

3. Changes  in  the  mode of m e l t i n g  can  be expec ted  
on ly  when the oncoming  gas  i s  e l e c t r i c a l l y  conduc t ive .  
Let  us  c o n s i d e r  the  s y s t e m  of  equa t ions  fo r  the  g a s -  
eous  boundary  l a y e r  ( l .1)  in th i s  case .  The boundary  
cond i t ions  fo r  th i s  s y s t e m  a r e  (1.3),  (1.4),  t h e  f i r s t ,  
second,  and four th  f r o m  (1.5) .  F o r  t yp i ca l  p r o t e c t i v e  
l a y e r  m a t e r i a l s ,  the  quan t i ty  (p~/pi) 1/2 << 1, so tha t  

the  va lue  of  the longi tudinal  ve loc i ty  component  q~'(0) = 
= a i s  s m a l l .  

We sha l l  f i r s t  solve  s y s t e m  (1,1) for  the  condit ion 
~ ' (0)  = 0; we sha l l  t ake  the  effect  of the  flow of mol ten  
m a t e r i a l  (e ~ 0) into c o n s i d e r a t i o n  l a t e r .  

With a view to f inding the solut ion of s y s t e m  ~1.1) 
in the  f o r m  of a s e r i e s  in a s m a l l  p a r a m e t e r ,  we 
choose  th i s  p a r a m e t e r  on the b a s i s  of the  fol lowing 
c o n s i d e r a t i o n s .  

We r e w r i t e  (1.3) in the  f o r m  

~' (oo) = --l/~N~-5 Q/~Nm' + l)V,= l--z. (3.1) 

Here z is the deviation of the velocity at the outer 
edge of the boundary layer from its value in the ab- 
sence of a magnetic field. It is convenient to choose 
the quantity z as the small parameter. Indeed, it can 
be seen  f r o m  (3.1) that  when N2m i s  changed f r o m  0to 
~o, the  magni tude  of z changes  f r o m  0 to l and r e -  
m a i n s  s m a l l  even fo r  l a r g e  va lue s  of N 2 (N 2 = 2 .5 ,  
z = 0.5;  N~n = 5, z = 0 .65) .  Thus,  the f i r s t  a p p r o x i -  
ma t ions  wi l l  be suff ic ient  for  c o n s i d e r i n g  c a s e s  of 
p r a c t i c a l  i n t e r e s t .  The  quant i ty  N2m in s y s t e m  (1.1) 
and the  boundary  condi t ion  (1.3) i s  e x p r e s s e d  in t e r m s  
of  z in the  fol lowing m a n n e r :  

r 
~ + 2 z  = 2 z - 5 3 ~ z  ~. (3.2) 

We seek  the  funct ions  ~ and S in the  fo rm of s e r i e s  
in p o w e r s  of  z, 

-- ~, ~.~-, s = y ,  & : - .  (3, a) 
~ 0  n = O  

A s s u m i n g  tha t  s e r i e s  (3.3) and the  s e r i e s  obta ined 
f r o m  t h e m  by f o r m a l  d i f f e ren t i a t ion  ( three and two 
t i m e s ,  r e s p e c t i v e l y )  a r e  u n i f o r m l y  convergent ,  we 
subs t i tu te  s e r i e s  (3.3)  and the s e r i e s  fo r  the  d e r i v a -  
t i v e s  into (I. I). Equating the coefficients of like pow- 
ers of z, we obtain an infinite number of systems of 
fifth-order equations. We obtain the zero approxima- 
tion by setting Nzm equal to zero in (I. I). 

The system of equations of the linear approxima- 

tion in z is of the form 

+ ~ ' " ~  = 2 9  ~ S', &" + ~~ --  - 9 ,S ' :  ( 3 . 4 )  

The bounda ry  condi t ions  of the  z e r o - t h  a p p r o x i m a -  
t ion  s y s t e m  wi l l  be  the  s a m e  as  fo r  the  b a s i c  s y s t e m  
(I. i), except that condi t ion  (3.1) will take the f o r m  

~'  (~ )  = l ,  ( 3 . 5 )  

The b o u n d a r y  cond i t ions  fo r  the f i r s t - a p p r o x i m a -  
t ion  s y s t e m  a r e  w r i t t e n  in the  f o r m  

~, (0) = ~1' (0) = S, (0) = 

= & ( ~ )  = 0, ~ '  (oo) = - i .  . (a,6) 

The b o u n d a r y  cond i t ions  fo r  the  fo l lowing a p p r o x i -  
m a t i o n s  wi l l  be c o m p l e t e l y  homogeneous .  

A solution of the zero-th approximation system was obtained by 
Cohen and Reshotko [8l. The coefficients of system (3.4) with S(0) = 
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= 0.2 were taken from this solution. The boundary-value problem 
(3.4), (3. G) was solved by the well-known method of reduction to 
the Cauchy problem. The Adams method was employed in numeri- 

cal integration of (3.4) and the initial points were determined by 
expansion of the solution in a MacLaurin series about the neighbor- 
hood ~ = 0. The computations were carried out manually on a semi-  
automatic desk calculator. The results of the computations are pre- 
sented in Figs. 1 -3 .  In Figs. 1 and 2, profiles of the dimensionless 
longitudinal velocity ~'(~) are given for values of g = 0, 0.6, 0.8, 
1.0. and 1.5 and the dimensionless enthalpy S(~) in the linear ap- 
proximation in z. Curves ~'(N) and SUI) were constructed for different 

2 values of the magnet ic  parameter g = N m.  It can be seen from the 
curves in Figs. t and 2 that the tangential  stress ~a"(0) and the heat  
flux S'(0) at the wall drop with increasing magnetic  field. The vari-  
ation of these parameters as a function of the magnet ic  parameter g 
is shown in Fig. 3. 

One may conclude from formulas (2.5) and (1.7) that in the case 
of materials  with a low Prandtl number of the Hquid phase P1, the pro- 
tective effect is small  (2.5) and the velocity of the melt ing front is 
proportional to the heat  flux on the gas-molten zone interface 8'(0). 
Thus, the curve in Fig. 3, which shows the variation in 8'(0) as a 
function of ~, simultaneously shows the variation in a as a function 
cf  the same parameter.  The third curve of Fig. 3 shows the variation 
in the dimensionless thickness of  the molten layer as a function of t h e  

magnet ic  parameter  ~. This curve was obtained from (2.8): the pa -  
rameters in the left side of (2.6) were calculated on the basis of the 
thermophysieal properties of cobalt. Thus, the interaction of the mag-  
netic field with the oncoming electrically conductive gas leads to re-  
tardation of mel t ing and thickening of the molten layer. 

If we replace the first of  conditions (1.6) by the condition ~(0) = 
= qw # 0, then, with the reservations stated at the beginning of this 
article, system (1.1) will describe a laminar boundary layer in a gas 
with evaporation (blowing) from the wall.  System (1.1) with the new 
boundary condition can be solved in precisely the same way as before, 
with qw = 0. The zero-th approximation was taken from the work of 
Beckwith [9] with S(0) = 0.5, ~o w = - 0 . 5 .  The results of the calcula-  
tions are presented in Figs. 4 -6 ;  Figs. 4 and 5 show families of pro- 
files of the dimensionless velocity and enthalpy, Fig. $ the variation 
in the  tangential  stress and the heat  transfer on the w a r  as a function 
of the magnet ic  parameter (the notation in Fig. 6 is the same as in 
Fig. 3). It was found, in full agreement with references [1, 2] and 
other work, that in the presence of evaporation (injection), the effect 
of the magnet ic  field is more pronounced than when Cw = 0. The 
cnrves of Figs. 4 - 6  were constructed, as before, in the linear approx- 
imation in the parameter z. 

i I 

"~=1.5 

0.5~ g 14 

Fig. 5 

4. Previously, in the boundary conditions for sys- 
tem ( 1 . 1 ) ,  w e  s e t  ~ o ' ( 0 ) =  0, t h u s  s o l v i n g  t h e  p r o b l e m  

f o r  t h e  b o u n d a r y  l a y e r  i n  g a s  a s  i f  a s o l i d  w a l l  w e r e  

p r e s e n t ,  w i t h o u t  t a k i n g  t h e  f l o w  o f  t h e  m o l t e n  m a s s  

i n t o  c o n s i d e r a t i o n .  L e t  u s  t u r n  t o  s o l v i n g  s y s t e m  (1 .1 )  

w i t h  t h e  b o u n d a r y  c o n d i t i o n  ~ ' ( 0 )  = s # 0 r e s t o r e d .  W e  

i n t r o d u c e  t h e  n o t a t i o n  

cp" (0) = a (e, &o, P) ,  Sw = S (0) .  

T h e  v a l u e s  o f  t h e  f r i c t i o n a l  s t r e s s  a t  t h e  w a l l  a ( e ,  

S w,  P )  c a n  b e  f o u n d  i f  w e  m a k e  u s e ,  a s  i n  [3] ,  o f  t h e  

e x p a n s i o n  o f  t h e  s o l u t i o n  i n  s e r i e s  i n  e ;  a t  t h e  s a m e  

t i m e ,  w e  t a k e  t h e  b o u n d a r y  c o n d i t i o n  f o r  t h e  z e r o - t h  

a p p r o x i m a t i o n  f o r  t h e  f u n c t i o n  S o i n  t h e  f o r m  

eS0 ~ 
S O (0) = t o = Sw - -  ,, (0, to, P) " 

4 
0 t 

Fig. 6 

After simple computations, we derive a formula 
which exactly coincides with the analogous formula 
in the gasdynamics case [3] 

eS w 
a ( ~ , S ~ o , P ) = a ( O ,  to, P ) - -  a(O, to, P) -~O(e2)"  ( 4 . 1 )  

I n  o r d e r  to  d e t e r m i n e  t h e  h e a t  t r a n s f e r  w h e n  e ~ 0, 

w e  m a k e  u s e  o f  t h e  f o r m u l a  

J_ - -  S w 
S '  (0) = co ( ~ ,  p,  8, S@ 

(n, P, &') = (- ,*P l an.) din. 
o 0 

( 4 . 2 )  

H e r e  t h e  i n t e g r a l  i s  c o m p u t e d  a s  i n  r e f e r e n c e  [3],  

w i t h  t h e  a i d  o f  a s y m p t o t i c  i n t e g r a t i o n  a s  ~ ~ r R e -  

p e a t i n g  t h e  c o n c l u s i o n  d r a w n  i n  [3] ,  w e  o b t a i n  

i 6 '/~ 1 

4 s ~ - 8 . - ; s s ~  ( 6 )'l, r (V3) (np)-V,--}- 
36 fg - ]  Yg~,) 

_~ [ (S w - -  e 316a 2- ~eSw) 2 (2 - -  n) ea - -  S" (0)20a 4- ; (aSw 4- eS' (0)) _ _  

"P~ ] ( 6__)v~ v O) I a5 ( s ~ -  ~"- - ;~s , . ) ,  
z J \ a ) r (Vs) (nP)-~/" q- 64sa~ + 

_~ (27n q- 10) (54- ~sw) (e' - -  Sva 4- ~esw) - -  2 (2 - -  n) a 2 - -  4~aS' (0) _~_ 

-~ 7 ( S w - - e s - - ~ e S w ) [ S ' ( O ) - - ~ ( a S w 4 - e S ' ( O ) ] I ~  ' .2f_! . . . .  ( 4 . 3 )  

H e r e  F (x) i s  t h e  E u l e r  g a m m a  f u n c t i o n ,  n = 1 f o r  

p l a n e  a n d  n = 2 f o r  a x i s y m m e t r i c  f l o w s .  W h e n  ~ = 

= NSm = 0, f o r m u l a  ( 4 . 3 )  b e c o m e s  t h e  c o r r e s p o n d i n g  

f o r m u l a  o f  t h e  g a s d y n a m i e s  c a s e  [3 ] .  F o r m u l a s  ( 4 . 2 )  

a n d  ( 4 . 3 )  t a k e n  t o g e t h e r  y i e l d  a q u a d r a t i c  e q u a t i o n  i n  

S ' ( 0 ) .  I n  t h e  g e n e r a l  c a s e  t h i s  c a n  b e  w r i t t e n :  

[at  + a2e + O (~2)1 S '~ (0) + 

+ [bl "+ bss + O (e~)] S '  (O) + c = O. ( 4 . 4 )  

T h e  c o e f f i c i e n t s  a l ,  a2,  b l ,  b2, e a r e  f o u n d  f r o m  

( 4 . 2 )  a n d  ( 4 . 3 ) .  I t  i s  n o t  d i f f i c u l t  to  d e r i v e  f r o m  ( 4 . 4 )  
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a formula analogous to (4.1) 

s ' (0,  e, s~, P) = s '(0,  0, s~, P ) +  

+ _~a~ [__  b2 _ ~ b2 - -  2 , ,c  _]_ 
bl ~ - -  4alc 

o(,2). (4.5) 

We shall not write the coefficients in (4.5) because 
of their cumbersomeness.  In particular,  for Plane 
flow (n = 1), we obtain 

S ' (0 )=0 .53(0 .7 t68+i )  for s~=0. P--- i .  (4.6) 

It is interesting to compare formula (4.6) derived 
for the velocity profile at the outer edge of the bound- 
ary layer U~ = cx m, m = 1, with the analogous formu- 
la from [1] for m = 1/3 

S' (0)----- 0.49 (0.738 q-i). 

The effect of the flow of molten material  on the val-  
ue of the heat t ransfer  at the stagnation point is about 
the same in both eases.  

In conclusion, the author thanks K. A. Lur 'e  for 
proposing the subject and useful discussions. 
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